MACH KIEN THUC THONG KE - XAC SUAT

TRONG CHUONG TRINH GDPT
MON TOAN NAM 2018

Pham Xuan Binh

Binh Dinh, ngay 12 thang 01 nam 2025

Binh Dinh, ngay 12 thing 01 ndm 2025 1/35



Overview

@ Vé thuat ngir

© Phan Théng ké
@ Cac so dic trung do xu thé trung tdm
o Cac so dic trung do mitc d6 phan tan cia mau so liéu

© Phian x4c sult
@ Bién nglu nhién rdi rac va phan phdi rdi rac
@ Dinh Iy gidi han tich phan
@ Dinh Iy Poisson
o K&t qua méi

e Mb6t sb bai tap trong cac dé thi chon HSG todn THCS c4p tinh nim hoc
2024-2025
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thuat ngir

o Théng ké: Théng c6 nghia 13 hop c3 lai, c6 tinh ddng loai. K& hay ké ¢ nghia
la luu lai, tinh todn ban bac.
o Théng ké 13 cac con sb dudc ghi chép lai dé phan anh cic hién tuong tu
nhién, ky thuat, kinh té, x3 hoi... .
o Théng ké 13 hé théng cic phuong phap ghi chép, thu thap va phan tich cic
con sO néi trén.
o Xac suat: Chit xdc c6 nghia 13 chic chin, bén viing. Chit sudt c6 nghia I3
phan chuan muc.
@ Phan vi: Chit phan c6 nghia [a phan chia. Vi ¢ nghia la ngdi thd, vi tri.
o Ky vong Chir ky cé nghia Ia trong mong. Chit vong cé nghia |13 tréng mong
xa.
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Phan Théng ké

B3t diu tir I6p 9, hoc sinh cAn nim 6 cic khai niém tin sb, tin sb tuong déi
(hay tan sult) va biét biu din bing biéu db trong nhiéu trudng hop don gian.
N&u dugc thi c6 thé cho hoc sinh tu Iéy m3u vé céc sb lidu trong dia phuong minh
dang séng vé cac mat kinh té, san xuAt, dan sb, lugng mua trung binh, ... cho dén
cac sb lieu chung tir ngudn internet v& cic vin dé chung trén toan ciu. Khi ghép
nhém thi luu ¥ ring c6 mét quy tic thudng dung cho sb nhém 7 va ¢ miu n 13
r ~ log, n.
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Céc sb dic g do xu thé trung tam

Cac sb dic trung do xu thé trung tam clia m3u sb liéu gdm c6 sb trung binh (Mean),
sb trung vi (Median) va mbt (Mode). Bén canh sb trung vi, ta con c6 cac mé rdng
td phan vi, luc phan vi, bat phan vi, thdp phan vi, thap luc phan vi, ... tluy theo
tinh hinh sb liéu va muc dich nghién cdu.

Ta luu ¥ ring khi céc sb lidu khéng chénh l&ch nhau nhiéu qua thi sb trung binh
dugc coi la giad tri dai dién tbt cho toan bd. Tuy nhién khi xult hién mot vai gia
tri m3u rAt 16n hodc rAt bé so véi cic sb lidu con lai thi tinh dai dién ca sb trung
binh tré nén khéng tbt. Khi do, ngudi ta thudng chon sb trung vi lam dai dién cho
toan bé.

N&u trong day sb lidu dang c6 chi xuht hién mét mbt thi ta cé trudng hgp mot mbt
hay don mbt (unimodal). Ta c6 thé gip trudng hop c6 nhidu hon mét mét, khi dé
ta c6 trudng hop da mbt. Néi chung déi véi trudng hop don mét, ta gip thuan loi
hon trong md t3 va phan tich tiép theo vé& cac sb lidu.
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Théng thudng, trong hau hét cic trudng hop don mét, ta sé cé bat ddng thic cho
ba s0: trung binh m =%, trung vi Me, mot My nhu sau

hoic m > Me > My,

hoic m < Me < M.

Ta goi day I3 bt ding thidc mean - median - mode cho trudng hop don mét.
Diéu thi vi 13 bt ding thdc néi trén chi ding dbi véi “hau hét" trudng hop don
mbt nhung khong phai cho tit ca! Tuy nhién cho dé&n nay cac diéu kién di hay can
va di dé x3y ra bt ding thic trén vAn con dang dudc tidp tuc nghién ctu, nhung
néi chung dang khé. Viéc tim ra phan vi du lai cang khé khan hon va trong hon
100 n3m qua, ngudi ta chi c6é khodng 2 hodc 3 phan vi du theo nhu chiing téi dugc
biét.

Céc sb dic trung do xu thé trung tam ndi trén khi dung két hop véi nhau ciing cho
ta dic trung dbi xding ma chiing t8i sé mé ta bing dudng cong mat dé y = f(x)
cho don gian sau day
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@ Trudng hop 1: m = Me = My (dbi xing)
y

1
1
1
1
1
1
1
1
T

My=Me=m z

@ Trudng hop 2: m < Me < My (l&ch tréi)
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Cac so dac trung do mdc d6 phan tan clia mau so liéu

Don gian nhit 13 khodng bién thién R = Z,az — Zmin, trong dé Tmaz (Tmin) tuong
ing 13 gid tri 16n (bé) nhit trong m3u sb liu. Theo kinh nghiém thi khi chi nhin
A lta BN A e -z A A s \, N N -z . R
qua sO liéu ma muon dénh gid ngay doé phan tan ngudi ta thudng dung gia tri 5
D& danh gid mic d6 phan tén cac sb lieu, ngudi ta thudng dung cic khodng ti
phan vi, luc phan vi, thap luc phan vi ... tly theo sb liéu va muc dich nghién cdu.
Cac dai lugng thudng diing nhAt trong Théng ké toan dé do mirc dé phan tan cha
c4c sb lidu 13 phuong sai va dé l&ch chuin. Cic cdng thic tinh d3 c6 trong sich
gido khoa va hoc sinh c6 thé sit dung may tinh cAm tay Casio dé tinh ra két qua
bing sb. o) day chiing t8i gidi thiéu thém cich lap bang dé tinh tay nhu sau
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Lap bang tinh dong thdi Z va S2

2 2
I ny niTy 7 niry
2 2
T, Ny NypXyp T NpT;
s T
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Tong n E n;T; E n;T;
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Ta luu ¥ ring khi 4p dung cong thiic tinh phuong sai vao cic vin dé thuc t& cudc
sdng, ta gip phai vin dé thir nguyén hay don vi tinh. Khi dé rd rang S? c6 tha
nguyén 13 bac hai. Do dé ngusi ta thudng phai st dung cin bac hai dé giai quyét
tinh hubng ndy va ta c6 khai niém d& léch chuin S = v/S2.

Mbt chii y nita I3 khi néi dén phucng sai hay dé l&ch chuan 13 ta néi dén d6 phan
tan “ndi tai” clia mAu sb lidu dang xét. Do dé khi gdp tinh huéng phai so sanh hai
dé lach chuan clia hai m3u sb lidu, ngudi ta phai dung dén khai niém db phan tan

S
7 |§| . A 7

tucong doi khi gigi thiéu véi hoc sinh vé khéi niém sai so.

1< A )
Trd lai khai niém phuong sai 2 = = (x4 — T)*. Ta thiy ring theo y nghia vén

n

k=1

dé & day, ta c6 thé goi 13 d& léch binh phuong trung b‘lnh Trong mét sb trudng hop
dé tranh vAn dé thit nguyén va phan 4nh phu hdp véi vAn dé nghién cdu, ngucﬂ ta
con dung dén dé lech tuyét dbi trung binh sau dé do mdc dé phan tan cia miu sb
liéu

tuong déi V = Diéu nay tuong tu nhu khai niém sai sb tuyét dbi va sai sb

>/

)

n

d:%Zm—ﬂ.

k=1
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Ngoai ra, trong mdt sb trudng hop dic biét, ngudi ta phai diung dé&n cic dé léch
khac d€ do miic d6 phan tan clia mAu sb lieu. Ching han khi nghién ctu v& mic d&
chénh |&ch trong thu nhip hodc tai sdn cia mét nhém rat 16n ngudi dan thi ngudgi
ta thudng dung dén do lach trung binh Gini

T

1 r
G = 771(”_ 1) ZZTLﬂl”(EZ —(Ej|,

i=1 j=1

trong d6 n 13 ¢ mAu, r 13 s& nhém, z; 13 thu nhap clia nhém tha i,i =1, 7.
Mét két qud nghién clu cta ching t6i vé do léch trung binh Gini dan dén hé qua
sau 5

G < ES, hing sb 13 tt nhAt.
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Phan xac suat

Theo sach gido khoa, ta d3 st dung dinh nghia c8 dién cho khai niém xac sult cla
bién cb P(A) = Zgég. Nhu vay ta chi xét cac trudng hop hitu han va ding dén
mot khai niém khdng dinh nghia la dong kha nang Do d6 cadc md hinh, vi du
du0c chon phai tranh viéc tranh c3i, hiéu nham vé t|nh dong kha nang. hoc sinh
can rén luyén kj ning md ta chinh xac khéng gian m3u va dém sb n(A) cac két
qua thuan lgi cho bién cb A.

Ta nén luu y rang phép thir ngdu nhién ciing khdng dugc dinh nghta chinh xac nén
nhit thidt phii mé t3 rd rang nhit cé thé dé tranh nhdm 13n va yéu ciu tinh xéc
sut cha bién cb ndo ciing phai x4c dinh. C6 thé x3y ra trudng hop cé nhiéu I5i gidi
cho mét bai tap dé I3 dic trung clia Toan so cip va ciing 13 mét diém tha vi dbi
Vi cic bai toan xac sut c6 dién. Ta xét mdt vi du don gian sau.
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Gieo 2 con xiic sac cAn doi va dong chat. Tim x4c suat cta bién c6 A : “Hai m3t
trén bang nhau'.

Vidu 2

Cé n ngudi (n > 4) ngdi nglu nhién thanh mét vong trdn véi gia thiét ddng kha
nang. Tim xac suat sao cho hai ngudi cho trudc ngdi canh nhau.

| A\

A\

Khi ta danh sb vi tri ngdi tir 1 dén n va quan tam dén thi tu ngdi hay khong (chidng
han phan biét (1,2) va (2,1) hay khéng) thi ta cé hai khéng gian miu khic nhau.
Khi khéng danh sb vi tri ngdi, ta lai c6 mét khéng gian m3u khéac. Réi khi gia thiét
mot ngudi d3 ngdi vao chd thi khong gian mA3u by gid gdm n — 1 trudng hop chd
ngéi cho ngudi thit hai va ¢ 2 trudng hgp thuén Igi cho bién cb dang xét nén déap

so la

n—1
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Khai niém déc 1ap trong X4c sult 13 mdt khai niém co ban va quan trong bac nht.
V& mit y nghia triét hoc, tinh déc lap gilta cac su kién gitp ta bd qua mbi lién hé
phic tap nhung khéng déng vai trd ndi bat trong viéc dang nghién ciiu va do ds,
ta c6 thé st dung cdng cu khoa hoc, ma & day I3 Toan hoc, d& nghién cttu vin dé.
N&i hep lai trong pham vi todn hoc thi khai niém doc 13p 1am cho xac sult tich ra
khoi Gidi tich va cé dic thu riéng.

Trong chuong trinh ph67 théng, ta khéng dinh nghia khai niém déc |4p ma chi md
td truc gidc. Qua viéc tham khdo sich gido khoa cuing mot sb tai liu tham khao,
chiing t6i nhan thiy ring cin cé mét sb vi du va bai tap don gidn dé gitp cho
hoc sinh cé thé tu minh tinh todn va kiém tra thém trudng hop khéng doc 1ap. Vé
nguyén tic dé chi ra ring 2 bién cb A, B 13 khéng déc 1ap, ta cin tinh cu thé v
chi ra ring P(AN B) # P(A)P(B).

Pham Xuan Binh Mach kién thic théng ké - xac sut Binh Dinh, ngay 12 thang 01 nam 2025 14 /35



Gieo hai con xtic sic can dbi va ddng chit. Goi
A : “T8ng hai mit trén bing 7",

B : “Cé it nh&t mdt mit bing 3.

a/ Hay tinh P(A), P(B) va P(AN B).
b/ Hai bién c6 A va B c6 doc lap véi nhau hay khéng?

Trong hdp ¢ 1 bi dd va 3 bi tring. Ta chon nglu nhién Ian lugt titng bi mét cho
dén khi chon dugc bi dé 13n dau tién thi két thic phép thi.

a/ Xac dinh khéng gian mau va sb két qua c6 thé xay ra clia phép thi.

b/ Tinh x4c suit ctia bién cb A : “Phép thir két thic & 1an chon 13 sb 1&".

DE y ring véi giad thiét a bi dé va b bi tring véi a,b ty y thi P(A) > = va

1
) 2
P(A) = 5 khi va chi khi a = 1va b la mot sb 18, Cé thé goi day I3 tdng quét bai

toan bdc thim.
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Gieo mot dong xu can dbi va dong chit 4 1an.
a/ Xac dinh khéng gian mau va so két qua cé thé xdy ra clia phép thur.

7
AN

b/ Tim xac suat cla bién co A : “Khéng xay ra mit sap hai lan lién tiép".

Cé thé thay viéc gieo déng Xxu b5ng viéc chon xau nhi phan c6 d6 dai 4 va tim xac
suit dé chon ngiu nhién mét xau nhi phan c6 dé dai 4 véi gia thidt déng kha ning
thi dugc mdt xau khéng chita lién tiép hai ky tu 1.
Tc‘;ng quat véi n tuy y thi
n(Q) = 2",
n(A) = F, 2, trong d6 F}, chi sb Fibonacci thtt k,k=1,2,....
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Cho mét ngii gidc 16i. Ta chon ng3u nhién 2 dudng chéo véi gia thiét dong kha
nang. Tim xac suat cta bién cd A : “Hai dudng chéo chia ngii gidc 16i da cho thanh
ba tam gidc khéng chong 1én nhau”.

Téng quat véi da giac 16i n + 2 dinh, chon n — 1 dudng chéo vi dudc n tam giac
khong chong [én nhau thi
n(€)) = C?n—l)g(wz),

n
C12 n .
n +

n(A) =c, = s6 Catalan thi n.
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Trong hdp c6 a bi do va b bi tring. Ta chon ngiu nhién n bi véi gia thiét dong kha
nang. D& don gidn ta gid st n < a,n < b. Tim xac suat clia bién c6 Ay : “Chon
ducc dang k bi dé”, k =0, n.

ko m—k
ckey
n
a-+b

P(Ak): ,k:07n.
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Hai ban An va Binh, mdi ban gieo dong xu n |3n va gi3 st ring xc subt x3y ra
m3t sap trong moi lan gieo bang p(0 < p < 1,4 =1 — p). Tim xac suat cla bién
c6 A, : “Toéng so6 lan sdy ra mit sap cha ban An va Binh bang ding n'".

Duing tinh déc lap va st dung tinh xung khic, ta cé

n n n
P(A) =Y Rt CprprRgh = prgm Y CRCHTE =" Y (O
k=0 k=0 k=0
Nhan xét: Khi coi viéc gieo déng xu cta hai ban An va Binh nhu I3p lai phép thi
T 13 gieo dong xu 2n lan va A bdy gis trd thanh bién c6 mit sdp xdy ra ding n
Ian thi ta c6
P(A) = C3,p"¢"" " = C3.p"q".
So sanh véi két qua trén, ta cé

n

> (cky?=cy,.

k=0
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Bién ngau nhién rdGi rac va phan phai rdi rac

Bién ngSu nhién r&i rac 1a mét dai lugng cé thé nhén cic gid tri rGi rac
L0, T1, ..., Tn, ... mdt cach nglu nhién tly theo két qua clia phép thit.

Nhu vy tap hgp cac gia tri ma mot bién ngSu nhién rdi rac cé thé nhan [a mét
tap hitu han ho3c vé han dém dugc. Trong chuong trinh phé théng ta chi gi6i han
6 trudng hop hitu han.

Gi4 tri m3 bién nglu nhién c6 thé nhan tiy thudc vio két qud clia phép thi phi
hop véi tinh than Toan hoc I3 s& coi bién ng3u nhién 13 mét ham thuc (do dugc)
trén khong gian miu Q.
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Gieo mot dong xu cin doi va dong chat va tung mot con xic xac can doi va dong
chat. Dat

X 0 néu xdy ra mit ngua, v 1 néu xay ra mat nglra,
1 néu xdy ra mat sap. 0 néu xdy ra mit sap.

7 0 néu xic sac c6 mit [é,
1 néu xdc sic c6 m3t chin.

Ta thy ring cac bién ngu nhién rdi rac X,Y, Z 13 khac nhau va gin véi cic phép
thr khac nhau. Tuy nhién khi mé t3 bdi bang phan phdi, ta cé

X| o 1 Y| 0 1 Z| 0 1
1 1 1 1 1 1
Pl 2 Pl 2 Pl 3 2

Tur day ta thiy ring dbi véi cic bién nglu nhién thi viéc nghién cdu phan phbi cta
chiing 13 ¢6 y nghia hon so véi ban than cic bién ngau nhién.
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Bién ng§u nhién X dugc goi la suy bién tai a néu ta cé

X a
P 1

Vi dinh nghia ndy thi ta coi mét sé a nhu 13 mét bién ngdu nhién suy bién.
Cung véi tinh than d6, ta c6 dinh ngha phan phéi Bernoulli va phan phbi nhi thic
B(n p) trong chuong trinh I6p 12. Ta ¢ thé coi phan phéi nhi thic B(n;p) nhu
|3 téng clia n phan phbi Bernoulli déc 1ap Ber(p).
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Dinh ly gidi han tich phan

Khi d3 c6 khai niém phan phbi ta c6 thé tach ra khoi cac khéi niém khdng dinh
nghia nhu déng kha ning, phép thir va chuyen h3n vin dé vao Toan hoc Iy thuyét
va st dung céc céng cu Todn hoc dé nghién cttu. K&t qua I16n dau tién khi nghién
cttu phan phbi nhi thic B(n;p) 1a Dinh ly gidi han tich phan cta de Moirve va
Laplace (1812) sau.

Dinh ly 10 (Dinh ly giéi han tich phan)

Gid st X,,,n > 1, 13 ddy cdc bién ngdu nhién c6 phan phbi nhj thic B(n; p),
trong d6 0 <p<1,q=1—p. Khi dé

Ty — 1 [0 .
lim P<a<—np§b):— e 2 dx, a < b.
n—o0 /Npq
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Ta trd lai ddy phép thir gieo dong xu can dbi va ddng chit 2000 Ian va mubdn tinh
xac suat P(950 < X,, < 1050).

Theo dinh ly giéi han tich phan ta cé

950 — 1000 _ X,, — 1050 — 1000
P(950 < X,, < 1050) = P ( 2 )

< <
/500 vnpq /500
X, —np
=P(-VvV5<2__—F< \/5)
< v pq
1 /ﬂ 2
N —— e 2dx
V2 J_ /5

1 V5
=2 — e 2dx
\/27r/0
~ 0,98.

¥
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Dinh ly Poisson

Khi nghién ctiu mét sb vin dé lien quan d&n nganh b3o hiém véi x4c sult rdi ro
p rat gan 0 thi viéc si dung cic két qud cta phan phdi nhi thic cho sai s6 16n.
Poisson (1830) da chitng minh két qud quan trong sau.

Dinh ly 12 (Dinh Iy Poisson)

Cho X,,,n > 1, 13 diy cdc bién nglu nhién c6 phan phdi nhi thiic B(n;p,) va gid
st ring
lim np, = A > 0.
n— oo
Khi dé o
Neem
lim P(X, =k)= 2o

, k=0,1,2,....

v

Ta thiy gia thiét lim np, = A > 0 cho biét ring khi n d0 16n thi xac subt p, bé
n—o0

va ta thudng goi cac bién cb c6 xac sult bé 13 bién cb hiém. Nhu vay khi n di 16n
ta cé thé tinh xap xi x4c suat P(X,, = k) qua phan phdi Poisson.
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Cho X 13 bién ngu nhién cé phan phdi nhi thiic B(n;p) véi n = 2000, p = 0,001.
Khi d6 theo Dinh ly Poisson, ta c6
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Dinh Iy 14

Cho X,,,n > 1, Ia mét ddy cdc bién ngdu nhién roi rac, déc lap, ciing phan phdi
%ol

P(X,=k)=pr, k=0,1,2,..., n=12...,
trong dé po > 0. Gid st ring EX,, < 1,n =1,2,.... Khi dé

:Iw
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Cho X,,,n > 1, |3 cc bién ngiu nhién déc lap, cling phan phbi Bernoulli Ber(p)
v6i 0 < p < 1. Khi dé ta cé

k k
Yo n—k _n—k n—(n—k) _ Mok k n—k _ _
EﬁknC’n P "q = EﬁknC’nqp =1, k=12,....

Dinh ly trén cho ta x8y dung phéan phéi rdi rac méi tr mét phan phéi r&i rac da
cho.
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Mét sb bai tap trong cac dé thi chon HSG toin THCS cép
tinh nam hoc 2024-2025

Cho céc chits6 0,1,...,9. Goi X 13 tp hop céc sb tu nhién c6 5 chif sb khac nhau
viét dugc tir cdc chit s ndi trén. Lay ngdu nhién mot so tir tAp hgp X. Tinh xac
sudt cta bién c6 A : “So lay ra s6 ldy ra 1a s6 16n hon 59.000". (tinh Thanh Héa)

L& khai truong siéu thi X c6 999 khach hang tham gia, cac khach hang dugc dénh
s& thit tu 13 cac sb tu nhién lién tiép tir 1 d&n 999. Siéu thi cdng bb 3 vong ting
thudng. Vong 1: Khach hang c6 sb thit tu chia hét cho 12 dugc thudng 100.000
VND. Vong 2: Khach hang c6 sb thit tu chia hét cho 5 va t(’gng cac chit sb bing 12
thi dugc thudng 200.000 VND. Vong 3: Khach hang c6 sb thif tu c6 téng cac chit
s6 bing 24 thi duoc thudng 300.000 VND. M3i khich hang déu dugc tham gia du
thudng ca 3 vong ndi trén (mét khach hang cé thé dusc thudng nhiéu vong). Chon
ngdu nhién mét khach hang trong 999 khich hang. Tinh xic subt d& chon dugc
khach hang dugc thudng 300.000 VND. (tinh Nghé An)
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Khdéi dong mot gld hoc cd An cho I6p choi tro chdl ”Quay s6 nhan qua". Vong
quay gom 6 6 0 gan c4c sb tu nhién tir 1 dén 6 (m0| sb gin trén mot 8). Ngudi choi
dugc quay sb 3 1an. Sau 3 1an quay, néu két qua nhan duoc cé dii cac chit sb 3, 2,
1 thi sé dugc nhan qua. Hay tinh xac sust dé ngudi choi dugec nhan qua. (thanh
phd Lao Cai)

Nhan xét: Chua néi rd rang tinh dong kha ning!

a) Tir mét hdp c6 30 thé ducc danh sb tir 1 dén 30, rat ngiu nhién hai thé. Tinh
xac subt dé Iy ducc hai thé ma tich hai sb trén hai thé 13 mét sb nguyén tb.

b) Tur tap hgp cic s6 tu nhién c6 3 chit s, 13y ng3u nhién mét sb. Tinh x4c subt
dé sb 15y dugc c6 tdng cac chit sb chia hét cho 4. (tinh Quang Binh)
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Trong mot hop kin c6 6 vién bi mau dd, 4 vién bi mau xanh, 8 vién bi mau vang

(c6 kich thuéc va hinh dang nhu nhau). Ly ng3u nhién mét vién bi tir trong hdp.

a. Tinh xac sult clia bién b H : “Liy dugc vién bi mau xanh ho3c mau vang'.

b. Thém vao hép mot s vién bi mau dd, mau xanh va mau vang sao cho xac sult

I3y dusc mdi vien bi mdi mau khéng ddi so véi ban diu. Cin thém it nhit bao

nhiéu vién bi m&i mau? (tinh Khanh Hoa)
v

Cho mét hdp cac thé danh s6 1, 2, 3, 4, 5, 6, 7, 8. M3i thé khic nhau dénh cac sb
khac nhau. L4y ngiu nhién 2 thé trong hop. Tinh xac suit cta bién cb: “Tich cia
2 thé dugc lay ra 13 mdt s6 ch3n”. (Thi xa Binh Long, tinh Binh Phudc)
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Bai 7
Déi van nghé cta I6p 9A cé 3 ban nam va 3 ban nii. C6 gido phu trach doi chon
ngiu nhién hai ban dé hit song ca. Tinh xac sut cta bién c6 T : “Trong 2 ban
dugc chon ra, c6 mét ban nam va mét ban nii". (bong Xoai, Binh Phudc)

Bai 8

Mat chiéc hdp c6 50 tim thé gibng nhau, dugc danh sb tu nhién lién tiép tir 10

dén 59. Rat nglu nhién mot tAm thé trong hép. Tinh xé4c sult cha bién cb sau

a. Rt dugc tAm thé ma t8ng cic chit sb trén tAm thé dé 13 mét sb chinh phuong.

b. Rt dugc mdt tAm thé ma sb ghi trén tim thé I16n hon hodc bing hai chit sb tan

cling ctia sb 52024, (Phui Cat, Binh Dinh)
v
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Bai 9
LSp 9A c6 45 hoc sinh. C6 gido chi nhiém |4y ng3u nhién mét ban dé 1am tha quy.
Biét rang xac suit |3y dugc ban nif cao hon xéc suit 13y dugc ban nam 13 20%.
Héi 16p 9A c6 bao nhiéu hoc sinh nam va bao nhiéu hoc sinh nii. (Huéng Héa,
Quang Tri)

Bai 10
Hai ban A va B cling tham gia mét tro choi véi nhiéu vong d4u. Cach tinh diém
mdi vong diu nhu sau: thing dugc 3 diém, hoa dugc 2 diém, thua dugc 1 diém.
Hién tai ban A dang hon ban B 4 diém, con 3 vong nita tro chai sé két thic. Tinh
x4c sult cla bién cb “B thing A" (Thanh pho Vinh, Nghé An)

Nhan xét: Nén thém cau: “Gia sir rang cac kha ning thing, thua, hoa cia hai ban
A, B [a nhu nhau".
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Tai liéu tham khdo

Sach gido khoa, chuyén dé hoc tdp va mot sb tai lieu tham khio hién hanh mén
Toan cac 16p 9, 10, 11, 12 cha nha xuat ban Gido duc Viét Nam nim 2024,
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Chan thanh cam on quy vi
d3 chid v I3ng nghe!



HOI TOAN HOC BINH DINH

BAO CAO CHUYEN DE
CAC BAI TOAN TOI UU LIEN QUAN THUC TIEN

TRONG CHUGNG TRINH GDPT MON TOAN NAM 2018
Ngudi thuc hién: Phan Ngoc Toan

B4o céo: Phan Ngoc Toan Bang diéu khién />‘


https://www.facebook.com/Toàn Phan

Kién thifc co s trong dé tai

Pinh nghia 1

Tap M c R” dudc goi 1a tap 16i néu né chia tron doan thang
noi hai diém bat ky thudc né, tic véi moi x1,x09 € M va 0 <
A<1ltaco Axy+(1-Axg)e M.

Bao cao: Phan Ngoc Toan Bang diéu khién />:\
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Kién thifc co s trong dé tai

Pinh nghia 2

Cho tap 16i M c R”. M6t diém x € M dudc goi 1a diém cuc bién

cta M néu x khong thé biéu dién dude dudi dang t6 hop 16i

chat ciia hai diém phan biét bat ky nao ctia M, tic 1la
Ay,zeM,y#zsaochox=Ay+(1-A)zvéi0<A<1.
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Kién thifc co s trong dé tai

Pinh nghia 3

-
%@ Mot tap 16i dong khac rong M < R” ¢6 diém cuc bién khi va
chi khi n6 khéng chita tron mot dusng théng nao.

Bao cao: Phan Ngoc Toan Bang diéu khién />:\
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Kién _thdc co s& trong dé tai /24

‘,'J Bai toan t6i wu tong quat dudc phat biéu nhu sau

minf(x) v.d.k. xeD, (BT1)
hoac

maxf(x) v.d.k. xeD, (BT2)
trong d6 D c R” dudc goi 1a tap nghiém chap nhan dudc hay tap
rang budc va f: D — R la ham muc tiéu.
Mbi diém x € D dude goi 1a mét nghiém chip nhan dudc hay mét
phuong an chap nhéan dudgc.
Piém x* € D ma f(x*) < f(x), Vx € D dudc goi 1a nghiém tdi uu, hodc
nghiém t6i uu toan cuc, hodc nghiém cuc tiéu toan cuc ctia bai toan
(BT1).
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Kién thifc co s trong dé tai

Néu tép D la compac va ham f lién tuc trén D thi cd hai bai
toan (BT1) va (BT2) déu co nghiém toi uu.

(Dinh ly Weierstrass)
j
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Bai toan quy hoach tuyén tinh t6i uu

Trong Chuong trinh GDPT mon Toan nam 2018, ta thudng gap hai I6p bai
toan tdi uu dua trén tinh chit cla ham muc tiéu va tap chip nhan ducc
sau:

(1) Bai toan quy hoach tuyén tinh: Ham muc tiéu f(x) 13 ham tuyén tinh
va tap chip nhan dugc D cR™ 13 tap 16i da dién (téic cdc ham rang
bubc g;(x), i=1,...,m la ham afin).

(2) Bai toan quy hoach phi tuyén: Ham muc tiéu f(x) ho3c mdt trong cac
ham rang budc gi(x), i =1,...,m khong phai 1a ham afin.

Béo cdo: Phan Ngoc Toan Bang diéu khién />\
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-/ Xét bai toan quy hoach tuyén tinh tong quat
min{{c,x)| x € D}, (BT3)
trong d6 c e R* va D c R” 1a tap 16i da dién khac rong.
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Bai toan quy hoach tuyén tinh t6i uu

Néu tép nghiém chdp nhdn duoc D khdc réng va bi chdn thi
bai toan quy hoach tuyeén tinh (BT3) luén co nghiém toi uu.
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Bai toan quy hoach tuyén tinh t6i uu

Néu tip nghiém chép nhian duoe D khdc réng va ham muc
tiéu f(x) = {c,x) bi chdn dudi trén D thi bai toan quy hoach
tuyen tinh (BT3) luén co nghiém toi vu.
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Trong Chuong trinh GDPT mon Toan nam 2018, ta chi xét hai bai toan
quy hoach tuyén tinh hai bién nhu sau

% Bai toan quy hoach tuyén tinh
min{f(x) = {c,x)| x € D}, (BT4)
trong d6 ¢ = (c1,c9)T € R2\ {0} va D c R? 14 tap 16i khéc rong.

min{f(x) = {c,x)| x € D}, (BT5)
trong d6 ¢ = (c1,c9)T € R2\ {0} va D c R? 14 tap 16i khéc rong.
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P
PHUGNG PHAP GIAI TOAN

Thuit toan hinh hoc dé giai bai toan (4) nhu sau
i) Vé tap chip nhan dudc D, vecto ¢ va dudng mic L(0,f) = {x €
R2| (¢,x) = 0} di qua diém gbc O va vudng géc véi c;
ii) LAy mot diém bat ky x € D. Vé duong thang L di qua x va song1
song v6i duong miuc L(0,f);

iii) Dich chuyén song song duong mic L theo huéng ngudc véi huéng
vectd ¢ dén khi viéc dich chuyén tiép theo lam cho dudng mic
khong con cat D nita thi ding. Céac diém cta D nim trén dudng
mtc cudi cung nay 1a cac nghiém tbi wu ctia bai toan (4).

Béo cdo: Phan Ngoc Toan Bang diéu khién A
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% BT6: TAP CHAP NHAN PUOC LA PA GIAC LOI

x2 X2

Ly [ c

a) Bai toan ¢6 duy nhat nghiém b) Bai toan c6 v6 s6 nghiém

2 wa e ION
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% BT7: TAP CHAP NHAN PUQGC KHONG BI CHAN

X9 X2

x1

t~/

Ly Ly

a) Bai toan ¢6 duy nhat nghiém b) Bai toan v6 nghiém
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Bai toan quy hoach tuyén tinh t6i uu

% BTS: TAP CHAP NHAN PUQGC KHONG BI CHAN
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a) Tap nghiém t6i uu 1a ca dudng thang

Bao cao: Phan Ngoc Toan

b) Bai toan vo nghiém
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Bai toan quy hoach tuyén tinh ti wu

Qua cac trudng hop trén ta thiy

1 Néu tap chép nhan dugc khic r5ng va bi chin thi chic chin bii toin
c6 nghiém tbi uu;

(20 N&u bai toan cé nghiém t&i vu va tap chip nhan duosc D cé dinh thi
nghiém téi uu dat tai it nhAt mét dinh cla D (BT6, BT7 - a);

(3 Trudng hop bai todn khdng cé nghiém tbi uu va tap chip nhan duoc
khac rbng, ta c6 ham muc tiéu khdng bi chin dusi trén D (BT7 - b,
BT8 - b);

) N&u tap chip nhan dugc D khéng c6 dinh thi bai toin cé thé khéng
c6 nghiém hodc c6 nghiém. Trudng hgp cé nghiém thi nghiém tbi uu
khong phai la dinh (BT8 - a).
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Tai mot xudng co khi, dé san xuat méi loai san phdm A
va B can dung hai may I va II. D€ san xuit mét san phdm loai A phai
dung may I trong 1 gid va may II trong 2 gis. Méi tuan may I 1am viéc
t61 da 40 gig, may II 1am viéc t6i da 60 gio. M6i san pham loai A cho loi
nhuén 2 triéu dong, mdi san pham loai B cho 1¢i nhuan 3 triéu dong.
Mbi tuan xudng phai san xuit bao nhiéu san phdm méi loai A va B
dé thu dudc 16i nhuén cao nhat? Biét rang san phdm san xuit ra dudc
dugc ban hét.

(Sach chuyén dé CTST Toan 12)

Béo cdo: Phan Ngoc Toan Bang diéu khién A
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&) @z(/rmz Goix,y (x=0, y=0)lan lugt 1a s6 san phdm loai A va B
dudc san xut trong\mét tuan. Do thoi gian 1am viée t6i da méi tuan toi
da ctia may I va II lan ludt 1a 40 gio va 60 gic nén ta c¢6 x + 2y <40 va
3x + 2y < 60. .

Khi d6 1¢i nhuéan thu dude la P = 2x + 3}y (triéu dong).
Tu do, ta dude bai toan quy hoach tuyéen tinh
P =2x+3y — max

v6i rang budc

x+2y <40

3x+2y <60

x=0

y=0.
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Bai toan quy hoach tuyén tinh t6i uu

Tap phuong an Q cua bai toan trén Y
12 mién t& gidc OABC véi cac dinh i
0(0;0),A(0;20),B(10;15),C(20;0). Gia tri ctia e
P tai cac dinh 2
P(0;0)=0; P(0;20)=2-0+3-20=60;
P(10;15)=2-10+3-15 = 65; P(20;0) = 2-20+3-0 = 40.
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2000000 Bx+2y-60=017
Do do mabe =65, dat dudc khi x =10,y = 15.

Vay méi tuan xudéng san xuat 10 san pham loai A va 15 san pham loai B
dé dat dugc 1oi nhuan cao nhat.
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Bai toan quy hoach tuyén tinh ti wu

S SETRENE Thic &n vat nudi tai phong thi nghiém dudc tron tir hai
loai thiic an A va B, v6i yéu cau cung cap it nhat 540 g protein va it
nhét 160 g lipit(ch4t béo) méi ngay. Biét rang ham lugng protein va
lipit trong thic &n lan luct 1a 36% va 16%; trong thic an loai B 1an lugt
12 54% va 8%. Gia cta thic an loai A 14 40 nghin dong/kg, thiic an loai
B 14 30 nghin dong/kg. Can dung bao nhiéu kilogam thic an loai A va
loai B méi ngay dé chi phi thiic an cho vt nuéi 1a thap nhat?

(Séch chuyén dé CTST Toan 12)
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&) @z('/mkz’z', Goi x,y (x =0,y =0, tinh theo kg) 1an lugt 1a khéi lugng thic
ép 10§i A va loai B méi ngay cho vat nuéi tai phong thi nghiém. Tt yéu
cau toi thiéu 540 g (9,54 kg) protein va 160 g (0,16) lipit trong thic an
moi ngay, ta c6 hé bat phuong trinh

0,36x + 0,54y > 0,54 2x+3y =3
{0,16x+ 0,0820,16 {2x ty=2.
Chi phi mua thic &n loai A va loai B mdi ngay 1a
C = 40x + 30y (nghin dong).
Tt d6, ta nhan dudce bai toan quy hoach tuyén tinh
C=40x+30y — min
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Bai toan quy hoach tuyén tinh t6i uu

v6i rang budc
2x+3y=3
2c+y=2
x=0
y=0.
Tap phuong an Q ctia bai toan 1a mién khéng gach chéo nhu Hinh 7, c6

PR . 31y . (3
cac dinh la M(O,2),N(Z,§) V&P(E,O)
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Bai toan quy hoach tuyén tinh ti wu

Mién Q nam trong géc phan tu thit nhat, cac
hé s0 cua ham muc tiéu C duong nén C dat
gia tri nho nhat tai dinh caa Q. Gia tri tai

cac dinh
31 3
C(0;2) =60; C(Z’ﬁ) =45; C(Q,O) =60.
v .3 1
Suy ra m13C—45, dat dudc khi x = Y=g

Vay khi dung 0,75 kg thiic &n loai A va 0,5 kg thic &n loai B méi ngay
thi chi phi thiic an cho vat nuéi 1a thap nhat (45 nghin dong/ngay).
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Sir dung dao ham giai quyét mét sb bai toan quy hoach phi tuyén ﬂ

P
PHUGNG PHAP GIAI TOAN

i
A

° Buéc 1. Chon mot hodc mot sb chit céi x, a, b, ... goi 1a bién dé
biéu thi nhitng dai ludng chua biét va viét biéu thic biéu thi dai
luong, ki hiéu P, can tim gia tri 16n nhat, gia tri nhé nhéat theo
cac bién doé.

o Buée 2. Viét lai biéu thiic P thanh biéu thic chita mot bién,
chéng han 14 x, bang cach biéu thi cac bién khac theo bién x nho
cac dit kién dé bai da cho. Tt d6, ta nhan dude ham s6 xac dinh
béi cong thice P =f(x).

> Buée 3. Xac dinh tap hop D gdém céc gia tri ma bién x ¢6 thé
nhéan.

> Buéc 4. Tim gia tri 16n nhat, gia tri nhé nhat cia ham s6 P = f(x)
trén D va tra loi bai toan.

7

Béo cdo: Phan Ngoc Toan Bang diéu khién A



https://www.facebook.com/Toàn Phan

St dung dao ham giai quyét mét s6 bai toan quy hoach phi tuyén

S SETRENICY Tran bong da giao hitu gitta doi tuyén Viét Nam va Thai
Lan & san van dong My Dinh c6 stic chita 55000 khan gia. Ban t6 chiic
ban vé véi gia mobi vé 1a 100 nghin dong, s6 khan gia trung binh dén
san xem béng da 14 27000 ngudi. Qua tham do du luan, ngudi ta thay
rang mdi khi gia vé gidm thém 10 nghin dong, sé c6 thém khoang 3000
khén gia. Héi ban t6 chic nén dat gia vé 1a bao nhiéu dé doanh thu tu
tién ban vé 1a 16n nhat véi don vi tinh gia vé 1a nghin dong?

(Suu tam, tham khao tit internet)

Béo cdo: Phan Ngoc Toan Bang diéu khién A
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St dung dao ham giai quyét mét s6 bai toan quy hoach phi tuyén

®)) @z('jz'a’z'. Goi x (x> 0) 12 s6 1an giam gia vé.
Khi d6 gia vé sau khi giam 1a 100 — 10x (nghin déng).
Sau moéi lan giam gi4 thi c6 thém 3000x khan gia.
Do d6 tong s6 khan gia dén xem 1a 27000 + 3 000x.
Vi san van dong co stc chita 55000 khan gia nén

27000+3000x <55000 & x < %

Doanh thu tit tién ban vé 1a
¥ =(27000 +3000x)(100 — 10x) = —30000x2 + 30 000x + 2 700 000.
Yéu cau bai toan tré thanh tim gia tri 16n nhat ctia ham sbé

y =-30000x2 + 30000x + 2700000 (O <x< %)
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St dung dao ham giai quyét mét s6 bai toan quy hoach phi tuyén

Tap xdc dinh 2 = (0;23—8 .Ta ¢6y' =—-60000x + 30000, y' =0 < x = %

Bang bién thién

<] o ] 7
y' + 0 -
2707500
y ///////’ \\\\\\\\
2700000 2700000

Dua vao bang bién thién, ta thay ban t6 chiic nén dat gia vé 1a 95 nghin
dong thi doanh thu tién ban vé 1a 16n nhat.
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Sir dung dao ham giai quyét mét sé bai toan quy hoach phi tuyén

Hai thanh phd A va B cach nhau mét con
song. Ngudi ta xay dung mét cay cau EF bac
qua song biét rang thanh phé A cach con
song mot khoang 1a 64km va thanh phé B
cach con song mot khoang la 6 km (hinh vé),
biét HE + KF = 20 km va do dai EF khong
doi. Hoi xay cay cau cach thanh pho A 14 bao
nhiéu km dé duong di tit thanh phdé A dén
thanh phé B 1a ngén nhéit (di theo dudng
AEFB) (két qua 1am tron dén phan trim)?

(Suu tam, tham khao tit internet)

2 na e UON
Bang diéu khién "=



https://www.facebook.com/Toàn Phan

St dung dao ham giai quyét mét s6 bai toan quy hoach phi tuyén
®)) @i/mm DPat HE=x, FK =y, v6ix >0,y > 0.

AE =V16 +x2
BF =1/36+y2=1/36+(20 —x).

Vi EF khéng d6i nén AB ngan nhat khi AE + BF nhé nhét.

Ta ¢6 HE + KF =20 = x +y = 20 va{

Ta co
AE +BF = Va2 +16+1/(20-x)2 + 36
= Vx2+ 16+ Va2 — 40x + 436 = f(x).
Khi d6 f'(x) = —— 720 vre(0:20).

+
Vx2+16 Va2 -40x+436
Giai f'(x) = 0 dugc x = 8.
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Bang bién thién

X 0 8 20
9 -0+
f@) \ /
10v5

Vay AE = V82 +16 =~ 8,94 km.
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Tai mét xi nghiép, néu trong mot tuan xi nghiép san
xuat x nghin san pham thi chi phi san xuat gom: 10 triéu dong chi phi
c¢b dinh, 3 triéu dong cho mdi nghin san phdm va 0,001x2 triéu dong
chi phi bao dudng thiét bi.
a) Tinh chi phi trung binh trén méi nghin san pham theo x.
b) Méi tuan xi nghiép can san xuit bao nhiéu san phdm dé chi phi
trung binh thap nhat?

(Séch chuyén dé CTST Toan 12)
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a) Chi phi san xuit x nghin san pham la
C(x) =10+ 3x +0,001x? (triéu dong).

Chi phi san xuat trung binh 1a

Cx) 10 3x 0,001x? 10
=—+—+

Clx)= =2 = +3+0,001x.
X X X X X

Chi phi trung binh d€ san xuat mét nghin san pham la

C()= 1—10 +3+0,001-12=13,001 (triéu dong).
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b) Theo trén ta da co
Clx) = % +3+0,001x triéu dong).
khi dé,
Cx)= —g +0,001

Cx)=0o _1—g+0,001 — 0o x=100.
X
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Bang bién thién

x| 0 100 oo
Elx - 0 +

+00
Cw| T 59—

Vay moéi thang xudng san xuat 3,2 nghin san pham thi chi phi
trung binh san xuat mot san pham thap nhat.
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_ XIN CHAN THANH CAMON
QUY THAY CO DA QUAN TAM THEO DOI
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